Using tbe recently developed soldering formalism we highlight certain features of quantum mechanical models. The complete correspondence between these models and self-dual Held theoretical models in odd dimensions is established. The distinction between self-duality and self-dual factorization in these dimensions is clarified. [S0556-2821(99)01718-X] PACS numbers): 11 15.-q Self-dual models in odd dimensions, characterized by the presence of Chem-Simons terms [1], have been in vogue for quite some time [2,3]. Interest in these models has been re kindled by noting their relevance in higher dimensional bosonization [4]. Some new results in this connection were reported in [5] by using the concept of soldering [6J. Inter estingly, several facets of self-dual field theories in odd di mensions may be better appreciated and understood by look ing at their one-dimensional counterpart-the so-called topological quantum mechanics [7]. In this paper we discuss the concepts of self-duality and soldering in the context of topological quantum mechanics. Some familiar results are explained in a different setting, leading to fresh insights. This analysis is extended to the self-dual field theoretic models in odd dimensions. Some new results are reported clarifying, in particular, the distinction between self-duality and self-dual factorization.
Self-dual models in odd dimensions, characterized by the presence of Chem-Simons terms [1] , have been in vogue for quite some time [2, 3] . Interest in these models has been re kindled by noting their relevance in higher dimensional bosonization [4] . Some new results in this connection were reported in [5] by using the concept of soldering [6J. Inter estingly, several facets of self-dual field theories in odd di mensions may be better appreciated and understood by look ing at their one-dimensional counterpart-the so-called topological quantum mechanics [7] . In this paper we discuss the concepts of self-duality and soldering in the context of topological quantum mechanics. Some familiar results are explained in a different setting, leading to fresh insights. This analysis is extended to the self-dual field theoretic models in odd dimensions. Some new results are reported clarifying, in particular, the distinction between self-duality and self-dual factorization.
The quantum mechanical topological models are gov erned by the Lagrangian [7] C= -jx2 + ex-A(x) -eV(x), (1) implying the motion of a particle of mass m and charge e in the external electric ( -<?,F) and magnetic (d^ij-djA,) fields. For the simplest explicitly solvable model [7] , the motion is two dimensional (/= 1,2) and rotationally symmet ric in a constant magnetic field (B) and a quadraticalty scalar potential so that 
It is now possible to combine Eqs. (4) and (5) by the solder ing formalism [5, 8] . Consider the following transformation;
Sx,= Sy,= Tj,
which effects the changes,
8£±=J±,V,
where J^,{z) = mz,±BeJtzJ (8) and :f=x, ,y,. Introduce the soldering field W, transforming as 8W,= Vr
Then the first iterated Lagrangian,
C^ = C-+ C--V+,{x)+J-,{y))W"
transforms as 8Lw=-2mr),W,.
Including the term Wf now yields an invariant Lagrangian, 
Since W, is an auxiliary variable, it is possible to eliminate it by using the equation of motion,
W~(.J+I+J-,).
The solution is compatible with the variations (6) and (9) . Inserting Eq. (13) which is no longer a function of x and y independently, but only on their difference. Identifying k with B2/m, it is found that Eq. (14) exactly maps on to Eq. (3). This exercise shows how two identical particles moving in the presence of mag netic fields with the same magnitudes but opposite directions simulate the effect of a single particle moving in the presence of a quadratic scalar potential. It is easy to supplement the above Lagrangian analysis by the familiar Hamiltonian formulation [7] . The Hamiltonian corresponding to Eq. (4) is given by 1/5 \2 H+ = 2^\P'+2£'*} ' (15) where p, is the conjugate momentum, AC* . 5
p,=-r-= mx-

dx, *
Making a canonical transformation,
also yields a one-dimensional HO. The simplest way to re alize this is by eliminating either xt or x2 in favor of the other. In this sense it is similar to Eq. (4). Correspondingly, a soldering scheme can be developed. Going back to the original Lagrangian (2) , it is well known [7] from a Hamiltonian analysis that the model cor responds to two decoupled one-dimensional oscillators de scribed by the canonical pairs (x t ,p±) and frequencies ca± where These are the analogues of Eqs. (17) , (18) . While the Hamiltonian analysis reveals the decoupling of Eq. (2) into the two one-dimensional oscillators, the soldering formalism will explicitly demonstrate the reverse process. Let us there fore consider the following independent Lagrangians:
£+=-(-a+e^jj-aiiy2).
5
P±=Pi±2X2>
1 _1
*t=2 Xl+FJ>
we obtain, in the new canonical variables,
, , ,
H+=2^P++2Bx+-
08)
These Lagrangians are similar to the previous cases [see, for instance Eq. (20) ], except that the frequencies are differ ent co±. As stated before, both of these represent one dimensional harmonic oscillators but there are two points which ought to be stressed. The equations of motion are given by (19) (24)
The Hamiltonian is that of the usual HO. It is, however, expressed only in terms of (x+ ,p+) while the other canoni cal pair (x_ ,pJ) gets eliminated. The fact that the twodimensional Lagrangian (4) simplifies to a one-dimensional oscillator (19) is essentially tied to its sympiectic structure. Likewise Eq. (5) yields the Hamiltonian for the HO ex pressed only in terms of the canonical set (x_ ,p_). Thus the combination of Eqs. (4) and (5) should yield a twodimensional HO which is precisely shown by the soldering mechanism leading to Eq. (14) .
It is worthwhile to mention that the massless version of Eq. (2), y'=~he'jyj- (25) Define a dual field as 
where the currents are given by
JpS(h)=eW'Th+-^-db'h'r\ h=f,g.
(34) ^ ^ ± Next, the soldering field 2?p<r, which is a two form gauge field transforming as 1
SBpff-dpCtff daap-2j^f^p€oLvC
, (35) is introduced. In analogy with the quantum mechanical analysis, it is possible to define a modified Lagrangian,
C= C+ + C-+ \B^Bpa-jB^U;aU)+J~P^g))
(36) which transforms as the Maxwell-Chern-Simons (MCS) theory. The equivalence of Eq. (4) with Eq. (20) therefore indicates a similar connec tion between the MCS theory and the self-dual model (29)-a feet which has been established earlier using various approaches [3, 9] .
Coming back to die soldering mechanism for different masses (m + ¥=m-), it is seen that the variation (37) is non zero. It is possible to make further alterations to Eq. (36) so that the new Lagrangian is gauge invariant Such alterations invariably require terms involving derivatives of the solder ing field Bpa. In that case a simple elimination of this field in fevor of the other fields, by using the equations of motion, would not be possible. That would defeat our purpose of recasting the Lagrangian in terms of the difference (fp -gp), a form in which it would be manifestly gauge invari ant leading to a new structure. It is now observed that by relaxing the requirement of gauge invariance to be only onshell, in which case Incidentally, following our system of ignoring spatial derivatives, the Proca model just reduces to the bidimensional harmonic oscillator (3) . Likewise, Eqs. (30) and (29) with m+=m_ can be identified with Eq. (20) and its dual partner. The soldering in the-latter case leads to Eq. (3) which provides another correspondence between the quan tum mechanical and field theoretical models. In the same spirit it may be realized that Eq. (4) would be the analogue of BP^\v;a+rpa). ( 
41)
It should be mentioned that this solution is compatible with (he variation (35) since
Inserting the solution (41) in Eq. (36) and using the on-shell conditions (39) and (40) one obtains the Chem-SimonsProca Lagrangian (28) with the identifications (31).
A straightforward extension of the above analysis in d =4k~ 1 dimensions would lead to the soldering of the selfand anti-self-dual Lagrangians, 
£+ 2m+2kle^-•XtA1
An-iaftiAi -Aul+I/-
1 1
C2m-2kl
'"P-21-i^r For identical masses (m+ = mJ) this reduces to the Proca equation. The structure of the factorization has led to the claim that the massive modes in these models satisfy the self-duality condition. That this is not so is easily shown. Consider, for simplicity, die following generating functional for the Proca Lagjangian: 
The result of the Gaussian integration is 'There is a sign error in this reference.
It is now easy to calculate the relevant correlation functions,
It is seen that all the correlation functions cannot be re lated modulo only local terms. Thus it is not possible to intetpret Afl=Ap operatorially. Hence the A p field cannot be regarded as self-dual.
The origin of the structure of the factorization in Eq. (45) is understood from the soldering analysis performed earlier.
The two factors correspond to the self-dual and anti-self-dual modes, not in the model (28), but rather in the models (29) and (30), respectively. It is the soldering mechanism that has precisely combined these modes from distinct models with fields fn and gp to yield the new model (28) with the field Ap=fp-gp -This new field Ap is altogether a separate en tity which lacks the original symmetry properties.
To conclude, we have used die soldering formalism to abstract different quantum mechanical models starting from the basic harmonic oscillator. The analysis was directly ex tended to field theory in odd dimensions where exploiting the self-duality property, the soldering formalism was effectively employed. It was striking that all the results and interpreta tions found in the quantum mechanical examples had the exact analogues in the field theory. We analyze, in three space-time dimensions, the connection between Abelian self-dual vector doublets and their counterparts containing both an explicit mass and a topological mass. Their correspondence is established in the Lagrangian formalism using an operator approach as well as a path integral approach. A canonical Hamiltonian analysis is presented, which also shows the equivalence with the Lagrangian formalism. The implications of our results for bosonizadon in three dimensions are discussed. Self-dual models in three space time dimensions have cer tain distinct features which are essentially connected with the presence of the Chem-Simons term which is both metric and gauge independent. An important variant of such a model is the topologically massive gauge theory [1, 2] where gauge invariance coexists with the finite mass, single helicity and parity violating nature of the excitations. Its dynamics is governed by a Lagrangian comprising both the Maxwell and Chem-Simons terms. The equations of motion, when ex pressed in terms of the dual to the field tensor, manifest a self-duality. An equivalent version of this model also exists, where the self-duality is revealed in the equations of motion for the basic field [3] [4] [5] . More recently, another possibility has been considered where, instead of the first derivative Chem-Simons term, a parity violating third derivative term is added to the Maxwell term [6] .
An intriguing fact, first noted in [2] and briefly discussed in [7] [8] [9] , is that topologically massive doublets, with identi cal mass parameters having opposite sign, are equivalent to a parity preserving vector theory with an explicit mass term. This is the Proca model. The invariance of the doublets un der the combined parity and field interchanges is thereby easily understood from the equivalent theory. Moreover die two theories of the doublet characterize self-and anti-self dual solutions, depending on the sign of the mass term. The final effective theory, which is a superposition of these solu tions, therefore hides these symmetries.
In this paper we will make a detailed analysis of a doublet of topologically massive theories with distinct mass param eters. The resultant theory is a parity violating non-gauge vector theory with explicit as well as topological mass terms. This is demonstrated in Sec. II in the Lagrangian formalism using an operator approach. These results are then inter preted in the path integral approach, A Hamiltonian reduc tion of the effective theory, based on canonical transforma tions, is performed in Sec. IIL The diagonalization of the Hamiltonian reveals the presence of two massive modes, which are a combination of topological and explicit mass 'Electronic address rabin@bosonLbose.res.ro 'Electronic address' kumar@boson.bose res jn parameters. These modes can be identified with those of the original Maxwell-Chem-Simons doublet thereby revealing a complete equivalence with the Lagrangian formalism. The diagonalization of the energy-momentum tensor is carried out in Sec. IV. Following a method elaborated in [2] , the spin of the excitations is calculated. The helicity states are ± 1, corresponding to the two modes of the theory. An ap plication to the bosonization of a doublet of massive Thirring models in the long wavelength limit is discussed in Sec. V. Our concluding remarks are left for Sec. VI.
II. LAGRANGIAN ANALYSIS
A. An operator approach
In this section we shall consider a doublet of self-and anti-self-dual models whose dynamics is governed, respec tively, by the following Lagrangian densities:
The property of self-(or anti-self-)duality follows on ex ploiting the equations of motion [8] . Note that the mass pa rameters are different in the two cases. It has been suggested [9] that the above models combine to yield the MaxwellChem-Simons model with a conventional mass term. Here we quickly review that approach, which is based on [10] . The idea is to construct an effective Lagrangian that will characterize the doublet Obviously a simple minded addi tion of the two Lagrangians will not yield anything. A new field will have to be introduced which will glue or solder the two Lagrangians. The final or effective Lagrangian will not contain this new field. Later on we shall show in what sense this approach can be understood as an "addition" of the two Lagrangians. Consider the variation of the Lagrangians un der the local transformation Sf^Sg^A^x). It is now simple to check that the following Lagrangian:
is invariant under the transformations introduced earlier. The above manipulations have shown that it is possible to glue the two Lagrangians by introducing an auxiliary vari able. We could adopt this method to glue any two Lagrangians; however the final result would not be local. The local expression follows precisely because the self-and anti-self-dual nature of the Lagrangians engage in a cancel ing act Note that the variations considered here lead to the combination fp-gp in the effective theory. By considering the variations with opposite signatures we would have been led to the same effective theory but with the combination As announced earlier we now show how the above ap proach enables one to directly obtain the effective theory by adding the two Lagrangians, £=£+(/)+£_(g).
(2-17)
Introducing the combination (2.10), we find 
a^=-m+^aPdJ0. (222)
Using the above sets of equations it follows that
which is just the equation of motion for the effective Lagrangian (2.9) with die identification (2.10). Now the self-dual model is known to be equivalent to the Maxwell-Cbem-Simons theory [4, 5] . Consequently the above analysis can be repeated for a doublet of MaxwcllChem-Simons theories defined by the Lagrangian densities,
The above discussion has a natural interpretation in the path integral formalism. The point is that the analysis related to Eqs. (2.17) and (2.18) shows that it is possible to obtain the effective theory by an addition of the Lagrangians and then identifying an auxiliary variable which is eventually eliminated. Since the problem is Gaussian it is straightfor ward to interpret it in the path integral language. The elimi nation of the auxiliary variable just corresponds to a Gauss ian integration over that variable. Let us therefore consider die following generating functional1 for the doublet of selfand anti-self-dual models (2.1) and (22) , 
Integrating over the gp
In the absence of sources this is just the partition function for the Maxwell-Chem-Simons-Proca model (2.9). Furthermore, is invariant under the relevant transformations (2.15) and
(226).
As before, the auxiliary field Bpr is eliminated from Eq.
(2-29) to yield the Lagrangian (2.9) in terms of a composite field which is the difference of the fields in the doublet,
'Note that the path integral following from the Hamiltonian ver sion [5] requires the factor <^/0+(l/m+)e,Jd1/)]<5[gt> -(lAn_)ey<5,g,] m the measure to account for the constraints. Since this is a Gaussian problem the result of the path integral remains unaltered even if these factors are not included. This is bow we choose to define the basic lagrangian path integral for the selfand anti-self-dual models.
the Ap field in Eq. (2.33) is related to the original doublet fields by exactly the same equation (2.10) . This shows the equivalence of the results obtained by the two approaches.
It is equally possible to cany out a similar analysis for a doublet of Maxwell-Chem-Simons theories. However, a gauge fixing is necessary to account for the gauge invariance of these theories. As was shown in [5] , through the use of master Lagrangians, the basic field in the self-dual model can be identified with the basic field in the Maxwell-ChemSimons theory defined in the covariant gauge. We therefore consider the generating functional obtained from Eqs. Introducing a Stuckelberg transformed field AM-»AM + (m+m~)~ldMa and using the conservation of the source (i.c., d^-Q) it follows that 2= J dP^dQ^Pn^Qn
38)
where, as before, a coupling with an external source has been done with the difference (230) of the variables. Because of the gauge invariance of the integrand, the source Jp should be conserved.
To perform the path integration, a renaming of variables according to Eq. (230) is done for which the Jacobian is trivial. Then,
where the integral over a has been absorbed in the normal ization.
As before, the generating functional for the MaxwellChem-Simons theory with an explicit mass term is obtained. 
III. HAMILTONIAN REDUCTION AND CANONICAL TRANSFORMATIONS
The results of the previous section were achieved in the Lagrangian formulation by combining the doublet to yield the composite model. A complementary viewpoint will now be presented in the Hamiltonian formulation. By solving the constraint, the Hamiltonian of the model is expressed in term of a reduced set of variables. Next, by means of a canonical transformation, die Hamiltonian gets decomposed into two distinct pieces, which correspond to the Hamiltonians of the Maxwell-Chem-Simons doublet This technique of using ca nonical transformations to diagonalize a Hamiltonian is of course well known and appears in different versions and dif ferent situations. More recently, in the context of the La grangian formalism discussed in Sec. II A, it has been devel oped in [11] . Defining a new set of parameters,
Performing the integral over the Qp variables yields
Express the delta function in the measure by an integral over a variable a:
the Lagrangian (2.9) takes the form 1 0 m2 '
C~-jFtlf>"+-ell,KA»d*Ax+TAltAP (32)
The canonical momenta are
is the primary constraint The canonical Hamiltonian is given by H=-J d2x^ir*+ jFtj+^ -+ m2^jA*-0e,jA,Trj+m2Al
where
is the secondary constraint Eliminating the multiplier A0 from Eq. (3.5) by solving the constraint (3.6) we obtain 
where (A, .ir1) is a canonical set. The Hamiltonian on the constraint surface is given by jF2+m_e,/7rtAJ+ (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) 2The variable P, for convenience, is now called A.
Next, consider the canonical transformation,
a, dj
ties with distinct mass parameters m ±. There is a complete correspondence between the Lagrangian and Hamiltonian formulations.
IV. THE ENERGY MOMENTUM TENSOR AND SPIN (3.16) where (0,irfl) and (P.irp) form independent canonical pairs.
Since this is a gauge theory, a gauge fixing is imposed. We take the standard Coulomb gauge,
The presence of the gauge, together with the constraint (3.14), modifies the canonical structure of the (Af,w,) fields;
i.e. their brackets are no longer canonical. The modified al gebra can be obtained either by the Dirac algorithm [12] or, as done here, by just solving the constraints. Their solution leads to the following structure:
A,= e,j 4^P
As emphasized in [2] , spin in 2 +1 dimensions cannot be properly identified from only die angular momentum opera tor since it does not conform to die conventional algebra. It is essential to consider die complete energy momentum ten sor. Incidentally, although a and p in Eq. (3.12) satisfy the Klein-Gordon equation, these cannot be regarded as scalars due to presence of the factor •J-d2 in the transformations (3.8) . A complete analysis of the energy momentum tensor will be done which unambiguously determines the spin of die excitations. The energy momentum tensor following from Eq. (3.2) is given by
which satisfies a nontrivial algebra,
The discussion of the Hamiltonian has already been done. The momentum is given by
a,a.
%x-y) [v,(x),irJ(y)}=-i-etJS{x-y).
(3.19)
The same result follows by replacing the Poisson bracket by the Dirac bracket. Using Eq. (3.18) the reduced Hamil tonian is obtained from Eq. (3.15),
which has exactly the same structure as the second relation in Eq. (3.12) . Likewise the other Maxwell-Chem-Simons theory with a coupling m + can be reduced to the first relation in Eq. (3.12). It might be mentioned that the two Lagrangians (2.24) and (2.25) differ not only in the respective mass pa rameters, but also in the signature of the Chem-Simons term. However a scaling argument shows that, apart from the field dependencies, these are connected by «+-►-«!_. Since the Hamiltonian is quadratic in the mass term, this sign differ ence therefore does not affect the result Thus the reduced Hamiltonian of the Maxwell-ChemSimons theory with a mass term is the sum of the reduced Hamiltonians of a doublet of Maxwell-Chem-Simons theoTo pass over to the reduced variables, A0 is first eliminated by using foe constraint (3.6). Next, the canonical transforma tions (3.8) and (3.11) are applied. This leads to foe diagonal form,
P,= j d2x[v"a,a+(4.3)
The rotation generator is given by
which, following the same techniques, is put in the diagonal form,
MtJ= j dlx[(xliraaja-xj'naa,a)
(4.5)
Both foe translation and rotation generators have their ex pected forms with the fields a and p transforming normally.
Using the inverse transformation of Eq. (3.8) it is seen that the original field A, also transforms normally,
Finally, the boosts arc considered and it is found that the diagonal form is given by
It leads to the following expressions for the boosts and rota tion generator:
The boost generator has extra factors which clearly show that where recourse has to be taken to the solution of the con straint (3.6) to obtain the final structure involving A0.
The presence of the abnormal terms in the boost leads to a zero momentum anomaly in the Poincare algebra,
Following exactly the same steps as in [2] it is possible to remove this anomaly, simultaneously fixing the spin of the excitations. Consider the mode expansions, An inspection of the rotation generator shows that it com prises of two distinct terms denoted by the parentheses. The first factor in each corresponds to the usual orbital part. The additional pieces show that the spin of the excitations asso ciated with a and p are, respectively, -1 and +1. This also happens in the case of the Maxwell-Chem-Simons theory [2J. The difference from the spin of the excitations in the Maxwell-Chem-Simons theory is noteworthy. There the sign of the spin is fixed by the sign of the coefficient of the Chem-Simons parameter. In the present case it is seen from Eq. (3.13) that, irrespective of the sign of 6, the mass pa rameters m ± are always positive. Hence the sign of the spin associated with a and p is also uniquely determined.
Note that for m +=m ..., the theory becomes parity con serving. This is the case when the Maxwell-Chem-Simons doublet with identical mass yields the Proca model [7,8}. V. APPLICATION TO 3D BOSONIZATION Bosonization in higher dimensions is neither complete nor exact as in the case of two space-time dimensions. This is related to the fact that the fermion determinant in dimensions greater than two cannot be exactly computed. In general it has a nonlocal structure. However, for the large fermion mass limit in three space-time dimensions, a local expression emerges [2, 13] , This has been exploited to discuss the bosonization of massive fermionic models in the long wave length limit [14] , Here we analyze the bosonization of a dou blet of such models: To be specific, consider die following three dimensional massive Thirring models:
The Lagrangian (5.4) can be regarded as a bosonized Lagrangian obtained from the following massive Thirring model:
The respective partition functions, after eliminating the four fermion interaction by introducing auxiliary fields, are given by Z+ = J dtpdijidf^ip(ii)+m+ + 'k in the weak coupling and latge mass limit The relations of the parameters occurring in the above Lagrangian and Eq. (5.4) are given by
The fermion determinant can be expressed, in the large mass limit, by a local series involving (d/m) [2, 13, 15] . Fur thermore, for weak coupling we need to consider only the two legs fermion loop. The leading long wavelength term in this quadratic approximation is the Chem-Simons three form. Thus the effective bosonized Lagrangians of the dou blet are given by
where the difference in the sign of the Chem-Simons piece is a result of a similar feature in the mass terms of the original Lagrangians (5.1). Using our previous results, die doublet of £+ and £-, as defined in Eq. To show this we first observe that the original weak cou pling involving X+ and X_ leads to a weak X. Secondly, it also implies the large mass limit In other words the same approximation prevails. The fermion determinant similar to Eq. (5.3), but evaluated to die next to leading order, includes both the Chem-Simons term and the Maxwell term [15] . Specifically, this is written as The implications of the above analysis are now discussed. In the quadratic approximation, a doublet of massive Thirring models in the leading long wavelength limit bosonizes to the effective Lagrangian (5.4). The same effec tive theory, under similar approximations and with the iden tification (5.7), also characterizes a single massive Thirring model, but where the calculation of the fermion determinant is carried out till the first nonleading term. In this sense, therefore, a doublet of massive Thirring models can be ap proximated by a single similar model. There is also a match ing in the degree of freedom count
VI. CONCLUSIONS
We have considered the description of a doublet of self dual models with distinct topological mass parameters hav ing opposite signs. The difference in sign implies that the doublet comprises a self-dual and an anti-self-dual model. Specifically, this was a pair of the gauge invariant MaxwellChem-Simons theory [2] or, equivalently, its dual gauge variant version [3] [4] [5] . The effective theoty, characterizing such a doublet, turned out to be the Maxwell-Chem-Simons theory with an explicit mass term. The basic field of the effective theory was just the difference of the doublet vari ables.
A canonical analysis of the effective theory was done. Based on a set of canonical transformations, the Hamiltonian was diagonalized into two separate pieces. The two massive modes were found to be a combination of the topological and explicit mass parameters. In feet these were identified with the two modes of the Maxwell-Chem-Simons doublet that led to the effective theory. In this way a correspondence was established between the Lagrangian approach of combining the doublet into an effective theoty and the Hamiltonian ap proach of decomposing die latter back into the doublet The spin of die excitations was obtained from a complete study of the Poincare algebra by adopting the method advocated in
[2]-
When the Maxwell-Chem-Simons doublet has identical topological mass ±m, parity is conserved since one degree of freedom is just mapped to the other. The spin carried by the two degrees of freedom is + 1. This has fee same kmematical structure as the Proca theory which is a parity con serving theory wife two massive modes having spin +1 [16, 2] . An explicit demonstration of this was provided earlier PHYSICAL REVIEW D 63 125008 [7, 8] . This result is reproduced here by putting m + = m_ .
For fee more general case where the Maxwell-ChemSimons doublet has different topological masses mt, parity is no longer conserved, although fee other considerations re main valid. Hence fee kinematics of such a doublet re sembles a non gauge parity violating theory wife two mas sive inodes having spin +1. This turned crut to be the Maxwell-Chem-Simons theoty wife an explicit mass term, as elaborated here in details. An added bonus of this equiva lence is that it led to fresh insights into fee bosomzation of massive fermionic models. This was explicitly shown for a doublet of massive Thirring models, but it can be done for other examples like QED in three dimensions.
Recently there have been certain discussions [17, 18] which regard a mass term in a gauge theory either as a con ventional mass term or, equivalently, as a gauge fixing term. In feet, Maxwell theory in the covariant gauge and fee Proca model were shown equivalent from fee viewpoint of quan tum Becchi-Rouet-Stora-Tyutin (BRST) symmetry [17, 18] . Here we find that fee superposition of a pair of MaxwellChem-Simons theories in fee covariant gauge leads to an explicit mass generation. This suggests a possible connection between these different approaches.
The extension of these findings to higher dimensions or non-Abelian versions would be welcome. Of course for 4k -1 dimensions where self-duality is definable, this exten sion is straightforward in fee Abelian case. For non-Abelian theories, fee superposition principle does not work as in fee Abelian theory. Using some special properties of two dimen sions, fee Wess-Zumino-Witten (WZW) non-Abelian dou blet was treated in [19] . But for general dimensions, fee nonAbelian analysis remains an open issue.
Introduction
The Abelian Chem-Simons (CS) topological action represented by, Ics = | / (Pxie^f^dvfx), has been studied extensively in different aspects in 2 + 1 dimensions. Recently the higher derivative extensions of the CS action, specially the leading third derivative order (TCS) has been considered. For Abelian vector fields the action ires can be given by Jtcs = ^ / d3ze/u'AD/A,3^/A. Such a term, even if it is not present originally, will be introduced as a result of the fermionic loop integration. It is an intriguing term that remains gauge-invariant, parity odd but no longer topological like the usual CS term, because of the metric dependence in the additional covariant derivative factor.1 Many interesting observations come out in coupling this TCS term to either pure Maxwell term or the usual CS term or to both of these terms. 1 The study of higher derivative models poses problems that are usually not en countered in normal cases. Special techniques are necessary. In this paper we follow an alternative point of view. Instead of directly analyzing the higher derivative Chem-Simons models, we provide their connection with some familiar models like the Maxwell-Chem-Simons, the Proca, or the MaxweU-Chem-Simons-Proca models, which contain quadratic derivative terms at most in the action.
In Sec. 2, we have calculated the polarization vectors of the higher derivative models considered here. Then it has been shown that the form of these polarization 
S. Kumar
vectors is identical with that of conventional models. This analysis has been done in the Lagrangian formulation. 2 In Sec. 3, we adopt the Hamiltonian analysis by considering a particular model. In this section the problem accounted in quantising these higher derivative models is illustrated3'4 through the nature of nontrivial Dirac brackets.
In Sec. 4, we consider the same particular model. Here we have discussed about the gauge transformation property of the system; using Wigner's Little Group. [5] [6] [7] This group is shown to act as a gauge generator.
Our metric convention is gfa' = (+, -, -); and e012 = +1 = ton-
2: Lagrangian Analysis
To start with, let us first consider the pure Maxwell term coupled with the third derivative CS term, giving the Lagrangian,
where the field strength is defined as 
we get
Two cases are now possible; fc2 = 0 for massless modes and fc2 / 0 for massive modes. Consider first the massless case. We can choose the momentum propa gating along the second direction so that = (10 1)T; Jfc" = (10-1)T.
Replacing and if = (rj0r;lr/2)T in (4), we get k-t) = 0, (6) so that if has the form, if = {rj1ri1rf)T. Now using the gauge invariance of the model (1), if may be further reduced to rf = (OaO)T,
where "a" is some arbitrary parameter. So the solution in (7) is valid, can be easily Mutual consistency of the above equations yields
On the other hand, using the gauge invariance of the model, r/°(0) can be set equal to zero. Thus in the rest frame the required polarization vector is the modulo is a normalization factor. This can be fixed from the condition, so that rf finally takes the form, Note that rf naturally satisfies the transversality condition k ■ ij = 0. We can now compare these results with those in the Maxwell case (for the massless mode) and in the Maxwell-Chem-Simons (MCS) case (for the massive mode). First, recall that the Maxwell Lagrangian in D = 2 + 1 dimensions,
yields a single massless mode with a polarization vector identical to (7) . So the massless excitation in (1) 
where "m" has the dimension of mass. The equation of motion following from (14) is
Again substitution of Eq. (3) in (15) Therefore the model has a spectrum containing two modes of mass m. Such a spectrum has a close analogy with that of the Proca model.
The last model to be considered comprising all three terms, the Maxwell, the CS and the TCS. The Lagrangian takes the form as
where 6 and m are the distinct mass parameters. The equation of motion follow from (18) as
2.
As before substituting the gauge field defined in (3) in Eq. (19) we get 
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Thus rf is not only complex but also shows a dual characterization. Rirthermore, mutual consistency of relations akin to (8) show that the mass of these modes are given by (22) Equation (22) Out of these four possibilities, depending upon the sign of A, two will lead to the result rf = ^=(0l+i)T (23) and the other two will give just the complex conjugate of (23) 
where the mass modes are,10
The polarizations for these massive modes in the rest frame are exactly identical2 to (23) and (24 : * _ h(vF°3 for *: 
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Therefore the above total set of constraints (32)-{36) (including primary as well as secondary) denote the independent set of constraints out of which we can identify fl,'s as only second-class and others are the first-class constraints. With the help of these let us find out how the canonical brackets are changing. Due to the constrained nature of the system the Poisson brackets wil be replaced by Dirac brackets9
where, C%} = [fi,,n_j]p£ = \t%}6{x,y). For this case C^1 --0ev5(x,y) with
*,i = 1,2-
Now we mention only the nontrivial D'brackets,
lMx)iPj{y)]D = -S,3S(x,y), [f<(x), f,(y)]D = -0u3S{x,y),
[po(*),P<ta = -jK^As(x,y),
lO-
Using these brackets one can easily show that it correctly reproduced the EulerLagrange equation of motion and also the relevant constraints from the Hamilton equation of motion. So the equivalence between the Lagrangian and Hamiltonian formalism is satisfied. It might be observed that the algebra of /( is identical to the algebra of the basic field in the usual self dual model,
Wigner's Little Group and Gauge Transformation
Next we will discuss briefly the gauge symmetries of the model concerned. It is clear from the model (1) , that the extended CS term involves metric dependence, so that it becomes non-topologicaL Again it has already been shown that there exists a number of first-class constraints which implies this is a gauge model. So the extended MCS model stands for a higher derivative massive gauge theory. Now let us try to find out the exact gauge variation in the model using the concept of Wigner's little group. Wigner's little group E(2), which is a subgroup of the Lorentz group SO(l, 3) preserves the four momentum invariant, but the polarization vector if undergoes the gauge transformation, ,f(fc)-+">(*) =,f(fc) + /(fc)^, 1620 
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where f(k) can be identified as the gauge parameter. It has been shown earlier6'7 that translation-like generators of Wigner's little group E(2) can act as generators of gauge transformation in the pure Maxwell theory in 3 +1 dimensions where only massless quanta is admitted. Recently it is shown2 that such a little group generator can generate gauge transformations in topologically massive gauge theories like B AF theory in 3 + 1 dimensions as well as in the Maxwell-Chem-Simons theory which is topological and permits topologically massive quanta in 2 +1 dimensions. So our natural question arises as to whether this same little group can provide the gauge transformations regarding the non-topological extended MGS model where both massless and massive modes are present.
Let us first recall the polarization vector for massive excitations. So the rest frame configuration is available, i.e. k^ = (|0| 0 0)T. In particular, for simplicity let us take 0 > 0. Following little group representations as in Ref. Therefore we get the gauge transformation on the polarization vector of the massive extended MCS quanta in its rest frame6 where a is the gauge parameter. It is interesting to note that the same little group representation given by W$ can generate gauge transformations in both MCS and extended MCS cases (provided 0 is positive). This is due to the fact that the expression of the polarization vector for the two cases is similar.
On the other hand if we consider the polarization vector rf(k) (since rest frame is not available) of the massless mode of the MTCS model and successively operate Tp{k) by the relevant little group W$ which plays the same role of a gauge generator of gauge transformation in pure Maxwell theory it can be easily seen that gauge transformation obtained exactly matches with that of Maxwell case. The reason is the same for the massive case mentioned earlier. 1621 
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Conclusion
In the present paper we have discussed certain models with higher derivative terms such that their similarity, or otherwise, with standard models gets manifested. In particular we have here considered the third derivative extension of the topological CS term coupled either with the Maxwell term (MTCS theory) or the CS term (CS-TCS theory) itself or with both of these terms (MTCS-CS theory). It is shown, via Lagrangian analysis, that the three models mentioned afcove reveal distinct similarities with more familiar models e.g. the Maxwell-Charo-Simons (MCS), the Proca or the MCS-Proca (which contain quadratic derivative term at most). It was observed in the MTCS model, which has both massive and massless modes, the structure of polarization vector for the massive modes is exactly identical to that of the MCS case (and similar to the Maxwell case for the massless mode). Moreover, since the structure of polarization vector is known to yield the spin of various modes in the usual models,2,8 the above mapping between MGS and MTCS cases enables us to specify the helicities of the two massive modes in the latter theory to be ±1.
Next we discuss the Hamiltonian formulation. We have considered only the MTCS model for convenience. Due to the presence of third-order time derivative, the Hamiltonian formulation is very tricky and proper care has go be taken in iden tifying appropriate canonical pairs. So we adopted the Ostrogradski's formalism3,4 for higher-order Lagrangians and successively constructed the momentum as well as the Hamiltonian. Here we illustrated the constrained features of the model and computed the Dirac brackets.
Finally we have investigated the gauge transformation property of the previously mentioned model (MTCS). Due to the presence of a mass term there, which was neither truly a Proca-hke mass nor a topological one, the origin of gauge invariance was not dear. We studied this problem based on an approach2,7 using Wigner's little group. It was observed, that an identical representation of Wigner's little group which acts as a gauge generator for the MCS case (that allowB only the topologically massive quanta) is also able to induce gauge transformation for this higher derivative MTCS. case (which contains non-topological massive quanta). This is because of the identical structure of the polarization vectors.
As a future prospect it might be useful to consider a doublet of these higher derivative models. We are optimistic about this program since it was shown10 that a doublet of MCS theories yields either Proca or MCS-Proca Lagrangian depending upon identical or distinct mass parameters of the MCS doublet. Something similar might happen for these higher derivative models. 
Introduction
It is generally believed that the measurement of space-time coordinates at small scale involves unavoidable effects of quantum gravity. This effect, as suggested in the work of Doplicher et al.,1*2 can be incorporated in a physical theory by making the space-time coordinates noncommutative. Without going into any detail, one can write a general commutator among the space-time coordinates as
Here y and q are phase-space variables. The studies which are built on a structure like (1) are called noncommutative physics.3 In the. simplest nontrivial case, one takes the noncommutative parameter 0(= to be a constant antisymmetric matrix which is commonly named as canonical noncommutativity. Even in that case the commutator relation (1) violates the PoincarS symmetries. In the last few years, an interesting study has been found8-7 where appropriate deformations of the representations of Poincare generators lead to different sym metry transformations which leave the basic commutator algebra covariant. In this way, original Poincar6 algebra is preserved at the expense of modified coproduct rules. Quantum group theoretic approach following from the twist functions also gives the identical results.8,9 Construction of field theory based on these ideas and their possible consequences in field theory have been discussed in Refe. 4 and 10.
In nonrelatdvistic quantum mechanics, unlike space coordinates time is treated as a parameter instead of an operator. In that case though 0m = 0, remaining nonvanishing 8,j breaks the Galilean invariance even for the canonical (constant 0)
case. But once again modifying the representations of generators, one can keep the theory consistent with the noncommutating algebra among space coordinates. This has been shown in Ref. 11 for the larger Schrodinger group, a subgroup of which is the Galilean group. However, in all these analysis, the basic noncommutative brackets taken were somewhat restricted in the sense that noncommutativity among momenta coordi nates were always taken to be zero. Interestingly, in the planar Landau problem that is frequently referred for the physical realization of canonical noncommutativity, it was shown in Refe. 12 and 13 that noncommutativity among position coordinates and momenta coordinates has a dual nature. In the semiclassical treatment of Bloch electrons under magnetic field, a nonzero Berry curvature leads to a modification of the commutator algebra.14 When both the magnetic field and Berry curvature are constant, the commutator brackets take a simple form and even in that case none of them is zero. On top of it even the standard position-momentum (z-p) algebra gets modified. In the present paper, we consider both position-position and momentum-momentum noncommutativity in 2 + 1 dimensions and study the in variance of Galilean group. Before discussing further, let us mention the summary of this paper.
In Sec. 2, we give a general mapping between the commutating (which satisfies Heisenberg algebra) and noncommutating phase-space variables. Using a systematic method, the values of different coefficients in this map are fixed. An inverse mapping is then obtained. In Sec. 3, starting with a general noncommutative phase space algebra, we show how Jacobi identities lead to different brackets studied in earlier papas. Using the inverse map found in Sec. 2, the appropriate noncommutative representations of the generators of the Galilean group are obtained in Sec. 4 . These generators satisfy the usual closure algebra on the noncommutative plane. In Sec. 5, using the realization of each generator, we calculate the symmetry transformations of the phase space coordinates. A dynamical model is then proposed in Sec. 6. Constraint analysis of this model leads to nonzero Dirac brackets among position coordinates as well as momenta coordinates. These bracket structures are classical analogues of the quantum commutators considered in the earlier sections. Noether analysis is performed in Sec. 
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Galilean generators in terms of noncommutative phase-space variables. Finally, we conclude in Sec. 8.
Noncommutative Phase-Space
In this section, we show how noncommutativity can be introduced by suitable mapping of phase-space variables obeying the commutative algebra. We have the 
[xx,Pj] = ihStj (* = 1,2).
Here a quantum mechanical operator (O) is denoted by putting a hat on its classical counterpart (O). Now we define two sets of variables y, and q, in terms of the commutative phase-space variables:
!/.=£,+ Oie,jPj + oae.jXj ,
<7. = P. + 0iUj£j + 02e,,P: , where 0 and 77 are noncommutative parameters, which in the present study are assumed to be nonzero. The choice of constants (10), (11) 
[ft.ft] = *>ift,-Such noncommutative structures appear in the chiral oscillator problem and the Landau model where a charged particle moves on a plane subjected to a strong perpendicular magnetic field. Phenomenological discussion of this structure was given in Refe. 15-17. The inverse phase-space transformations of (12) is given by
Here the various constants are 2-07?
Note that the hermiticity of physical operators x, p and y, q can be restored by demanding different signs of 0 and rj which will keep the various coefficients real and well defined.
Role of Jacobi Identities in Planar Noncommutativity
Jacobi identities are known to play an important role in fixing the structure of the noncommutative algebra. Fbr instance, in Ref. 18 the algebra of Kappa-deformed space was obtained in this manner. In this section, we discusB the obtaining of planar noncommutative algebra by exploiting Jacobi identities. Consider a plane where the noncommutative parameters are not constants. They are taken to be arbitrary functions of the position coordinates. Since Jacobi identi ties must be satisfied for the phase-space commutator algebra, the functions appear ing in the brackets cannot all be independent. The relations among these functions will enable us to generate different types of noncommutative structures studied in earlier papers.
We take the noncommutative structure in the form
[ft, ft] = ihBg{x)elj , Using (15) and (16) in the above equation, we find
where d* = 5--. Similarly, the Jacobi identity for gives
The other two Jacobi identities are identically zero. In Eqs. (18) and (19), i, j, k take the values 1 and 2 only. To simplify the equations, we take specific values for *, j, k:
And for » = 2, j = 1, k = 1, the same equation gives
Equations (20) and (21) are written in the covariant form:
fd,s -sd,f -0. (22) Equation (18) with * = 1, j = 1, fc = 2 and i = 2, j = 1, k -2 gives respectively
BClfdig -sdie -0.
These equations are written in the following covariant form:
Equation (22) immediately implies *(7)="' (26) or equivalently,
where £ is am arbitrary constant. If we replace / in terms of s in the commutator algebra (14) , the constant | can be absorbed in fi. So without any loss of generality we set f = 1 in (27) to get
Substituting (28) in (26), we find For personal use only.
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Thus the term within the parentheses is a constant and we can write it as -A, Le.
Equations (28) and (30) give severe restrictions on the structure of the noncommutative algebra (14)- (16) . For example, if we set a = we get 1, then from (28) and (30),
1 -A Bn ' (32) t These when substituted in (14)- (16) give
This noncommutative structure is nothing but the algebra (12) under the identifi cation fi = 6 and ijp = q. It is interesting to take a different choice of s,
Then from (30),
Equations (28), (30) 
where we set A = 1 which appeared as an overall scaling. Above noncommutative structure appears when an electron is subjected to a uniform magnetic field (B) and constant Berry curvature (fi).14 Fhrther discussion on this algebra may be found in Refs. In this section, we will study the representations of the generators of Galilean group in the noncommutative plane characterized by (12) .* This group consists of angu lar momentum (j), translation (P), and boost (G), which in (2 + l)-dimensional commutative space, take the form
They are known to satisfy the following closure properties:
In a (2+l)-dimensional noncommutative space (12) , mere substitution of old phasespace variables (x, p) by new variables (y, q) would not preserve the closure algebra. Thus, it is necessary to change the standard representations of the generators in an appropriate maimer so that the symmetry remains invariant. The new representa tions are readily obtained by using the mapping (13) in the expressions (42):
It can be easily verified that in the noncommutative space (12) 
Infinitesimal Symmetry Transformations
The explicit presence of noncommutative parameters in the phase-space algebra implies possible changes in the symmetry transformations. These are obtained by calculating the commutator of noncommutative phase-space variables and the gen erators with their new representations listed in (44) 
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Translation
We first consider the translation generator (P) which gives the following transfor mation rule for the noncommutative coordinate y:
The transformation rule for momentum variable is obtained in a likewise manner:
Expectedly, (9, »y) -* 0 gives the correct commutative space results for the expres sions (47) and (48).
Rotation
An identical treatment for the rotation generator gives the following transformation rules for the phase-space variables:
Sq, = jra[J, ft] = -cietkqk ■ Interestingly, these expressions are identical with the corresponding transformation rules for the commutative space. This is a very special property which holds only in 2 + 1 dimensions.
Boost
Similarly, for the boost generator the transformation rules are found to be (60)
Construction of a Dynamical Model
In order to generate the noncommutative algebra (12) in a natural way from a model, we consider the first-order form of the nonrelativistic free particle Lagrangian
, _ p2
L~JhX' 
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and use the classical version of the transformation (13) to get the following form of the Lagrangian:
where Af = 1/(1 -thf) in the above equation. Fbr t] = 0, physical application of this model was studied in Ref. 19 and theoretical discussion, notably Lagrangian involving second-order time derivative was given in Refe. 24 and 25. The relation between Chem-Simons field theory and the Landau problem in the noncommutative plane has been studied in Ref. 26 . In the above model, we interpret y and q as the configuration space variables in an extended space The canonical momenta conjugate to y and q are
These momenta (rrf, x/) together with the configuration space variables (j/" q,) give the following Poisson algebra:
All other brackets are zero. Since none of the momenta ((53) and (54)) involve velocities, these are interpreted as primary constraints given as -n2,, = ir,« -They satisfy the Poisson algebra
{n1,t,n1J} = -2Fe^,
{n2l"n2j} = 2De,3.
Evidently, fli>t and fl2l, do not close among themselves so they are the secondclass constraints according to Dirac's classification.27 This set can be eliminated by computing Dirac brackets. For that we write the constraint matrix
S. Kumar (Chaudhori) & S. Samanta
We write the inverse of Ay as such that AymnAjfc1'fW = 5™!* (for i, jt
Using the definition of Dirac bracket37 {/,»} DB = {f, 9} -{/, , our model yields the following Dirac brackets in configuration space:
{9., 9? }=»?€«,
{!/*>9j} = ■ This algebra manifests the classical analog of the noncommutative algebra (12).
Noether's Theorem and Generators
In this section we reproduce the noncommutative representations of Galilean gener ators from a Noether analysis of the Lagrangian (52). The realizations of generators thus obtained from a knowledge of infinitesimal symmetry transformation will be shown to be identical with those found in Sec. 4. This clearly shows the consistency between the dynamical approach of previous section and the algebraic approach of Sec. 4. The invariance of an action S under an infinitesimal symmetry transformation
is given try
where G is the generator of the transformation and P, is the canonical momenta conjugate to Q,. If we denote the quantity inside the parentheses by B(Q, P), then
Then this can be taken as the definition of the generator G. For the model (52), both y and q have been interpreted as configuration space variables, so we write the above equation as
Using the expressions of the canonical momenta (53), (54), the above equation can be written in an explicit form as
Knowing the transformation rules of y and q, this relation is now used to find the representations of the generators one by one. 
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IVanslatione
It is obvious from (47) and (48) 
This result matches exactly with the expression of the translation generator obtained in (45).
Rotation
Under rotation the transformations (49) gives the following variation of the Lagrangian:
Since B = 0 for the Lagrangian (52) under rotation, we obtain from (66) Also here the realization of rotational generator is same as (44). 
FO
Cr)' -q,t + ojfcCfci 2 -yit + a*eifc,9,-t Thus we can identify B from the above result and using this in (66) together with (50), we achieve the expression for the boost generator Thus again the expression of boost generator is identical with (46) found by alge braic approach.
Conclusions
We have considered a plane where not only position variables but also momentum variables are intrinsically noncommutating. This is an important departure from earlier studies in this context where noncommutativity appeared only in positionposition coordinates. Imposing the Jacobi identities among the various variables, we have been able to reproduce, from general arguments, the specific structure of noncommutativity discussed in the context of physical models. We have obtained the representations of Galilean generators in an algebraic approach which are com patible with this noncommutative space. We have also constructed a dynamical model invariant under symmetry transformation rules of phase-space variables. Constraint analysis of this model allowed us to identify the second-class constraints which finally lead to the noncommutative Dirac brackets. These brackets are the classical analogs of the noncommutative algebra. Finally, Noether theorem has been applied to this dynamical model to obtain the noncommutative representations of the generators. The realizations of these generators are identical to those found by the previous method. In this way, consistency between the algebraic approach and the dynamical approach has been established.
L INTRODUCTION
Equivalent descriptions of the same physical theory are useful and play a significant role in expanding our under standing. Aspects of a theory that are hidden in one for mulation become transparent in some other formulation. The time-honored bosonization technique in (1 + 1) di mensions is a classic example in this context [1] , More recent examples are provided by the AdS/CFT correspon dence [2] and the duality discussed in [3] that paved the path for a rigorous treatment of confinement in a four dimensional theory. Apart from this direct model to model equivalence, there is another sort of dual description where a particular theory is interpreted as a combination or a doublet of theories. Such a description is sometimes not just desirable, but essential, in abstracting the spectrum of the composite theory. A typical illustration is the Proca model in (2 + 1) dimensions. The two massive modes of this model are known to be obtained from a doublet of self dual models with helicity ± 1 [4, 5] , a fact that was briefly suggested in [6] , Very recently, similar notions and concepts have been exploited to study a new version of topologically massive gravity [7, 8] . The present paper is devoted to this aspect, albeit from a more general perspective.
Broadly speaking there are two approaches to visualize this doublet structure of a composite theory-one based on the Lagrangian formulation while the other involves the Hamiltonian formulation. The standard viewpoint in the first approach is to solder die distinct Lagrangians through a contact term [4, 5] while in the latter (Hamiltonian) case, a canonical transformation is found that diagonalizes the Hamiltonian into independent pieces [9] [10] [11] . We shall here concentrate on the Lagrangian version. However we avoid the usual soldering formalism which sometimes becomes technically involved requiring arcane field redefinitions. We adopt a method based on equations of motion [12] necessitating very simple field redefinitions that are generic to a wide variety of models. The basic ideas are introduced in Sec. II where we analyze a quantum mechanical model. This is discussed in some detail because it may be interpreted as a field theory in (0 + I) dimension which is a precursor to field theory in (2 + 1) dimensions. We show that the motion of a charged particle in the presence of electric and magnetic fields is simulated by a doublet of chiral oscillators, one moving in the clockwise direction while the other in the anticlockwise direction. This discussion is extended in Sec. Ill to the case of spin-1 vector models in (2 + 1) dimensions. Source terms are also included. Then in Secs. IV and V we analyze exhaustively spin-2 tensor models which appear in discussions [6, 13] of linearized gravity in (2 + 1) dimensions. Taking a doublet of self dual massive spin-2 models considered earlier in [14] , we show that the effective theory is a new type of generalized self-dual model that has a Fierz-Pauli term, a first-order Chem-Simons term, and the Einstein-Hilbert term. Subject to a specific condition, it reduces to the model taken in [7] . Our conclusions and final remarks are relegated to Sec. VI.
II. QUANTUM MECHANICAL MODEL
We introduce our formalism by considering the twodimensional topological quantum mechanical model governed by the Lagrangian [5, 9] 
exhibiting the motion of a charged particle in external electric and magnetic fields. For a rotationally symmetric motion in a constant magnetic field and a harmonic potential,
A> = --ehx}B,
V =■-*?, the Lagrangian (1) simplifies to (setting e -1),
=!*?+ § (2)
This Lagrangian may be interpreted as a combination of two chiral oscillators. It was shown in [5] where the discussion was performed at the level of the action.
Here we show how similar conclusions may be obtained in a simpler way by looking at equations of motion. This approach will be exploited to treat the more complex examples of field theory and gravity. Let us consider a pair of Llagrangians,
where independent set of coordinates xt and y, have been used. The equations of motion are given by x, -y, = g,.
Subtracting (6) from (5) and using the definition of gt we obtain, 
CO + CO-* CD_ r COTaking the difference of (8) and (9) and exploiting the oscillator equation of motion for y yields, I, + (g>+ ~ o>-)e*gk + o>+co-g, = 0.
Adopting a similar analysis we can show that the other variable /, also satisfies an identical equation,
These equations of motion factorize in terms of their dual (chiral) components as [5] ,
Xk~(fk.gkl ( 
12)
Observe that the above equations of motion can be obtained from the Lagrangian,
It is now straightforward to identify this Lagrangian with (2) for a unit mass (m " 1) by taking, ca_ -m+ = B and
This shows how two chiral oscillators with distinct frequencies moving in clockwise and anticlockwise direc tions simulate the motion of a charged particle in the presence of electric and magnetic fields. Moreover the magnetic part is a consequence of the different angular frequencies. For a+ -©_, this term just drops out and only the effect of the electric field is retained, finally, note that the obtention of (13) is effected by the change of variables (7) . Such a change will also play a crucial role in both field theory and gravity to be discussed in the subsequent sections.
III. VECTOR MODEL WITH DIFFERENT COUPLING
In this section we shall extend the idea developed in the previous section to (2 + 1) dimensional field theory. This is a natural extension since the earlier quantum mechanical model may be interpreted as field theory in (0 + 1) dimen sions. In that case the Lagrangians in (3) and (4) would be interpreted as the analogues of self-and anti-self-dual models [15, 16] in (2 + 1) dimensions in the limit where all spatial derivatives are ignored. Let us consider therefore the following doublet of models,
The different signs in the Chem-Simons piece show that they may be regarded as a set of self-dual and anti-self-dual models [4, 15, 16] Proceeding as before we introduce a new set of fields which are the analogues of (7), =
Now adding (16) and (17) 
where, kp" «= and -a^g,] are antisymmetric combinations that may be interpreted as field tensors asso ciated with the respective fields kp and gp.
In order to eliminate the gM variable from (20), we add (19) to it and then exploit (17) . One finally obtains dpkP" + (m2 -m|)<r°'/'A3/)*, -m2m,k0'
The expression here is purely in terms of the new variable kp.
Following similar steps an equation involving only die hp variable is obtained,
In the absence of sources the above equations display a factorization property analogous to (12), (y-A == fcA> ftA)
The Lagrangians which lead to (21) and (22) are given by
and A "= -^hpph>ir ~^(m2 -mx)eptPITd>ihyh'r
It is notable that in the absence of the sources both the effective Lagrangians in (24) and (25) are identical. The first term represents the ordinary Maxwell term, the second one involving epsilon specifies the Chem-Simons term, and the last one is a mass term. Therefore the effective Lagrangian density Lk or Lk gets identified with the Maxwell-Chem-Simons-Proca (MCSP) model. This result was obtained earlier using various approaches ranging from the soldering of actions [4, 5] to path integral methods [11] based on master actions. Within the Hamiltonian formalism this was achieved by using the canonical transformations [10, 11] . Compared to these, the present analysis is very economical and follows as a natural ex tension of the quantum mechanical analysis presented ear lier. Furthermore, although both kp and hp yield tire same free theory, their roles are quite distinct in the presence of interactions as may be evidenced from the different source contributions appearing in (24) and (25), respectively.
The dual composition is succinctly expressed by the following maps:
,
where the left-hand side indicates a doublet comprising self-and anti-self-dual models (14) and (15), while the right-hand side depicts the composite model that is ex pressed either in terms of the if + g) variable (24) or the (f -g) variable (25) Let us now look into the case when m t = m2 " m. Then the epsilon term vanishes reducing the expression for £t or £h to the usual Proca model. Also the source term gets considerably simplified.
IV. EXTRAPOLATION TO GRAVITY
Here we shall implement the notions developed in the previous sections to discuss the example of rank-two tensor models which arise in various formulations of gravity. In Sec. HI we illustrated the combination of a doublet of self dual models with distinct masses and spins ± 1 to yield an effective Maxwcll-Chern-Simons-Proca model. Here we consider the combination of a doublet of spin ±2 models that arise in linearized gravity.
Let us start with the action of first-order self-dual mas sive spin-2 model as suggested in [14] S= Jr/3x[|^/Ma3,/Aa+y(/2 (27) where / = The metric is flat «=* diag(-, +, +). In this model we use second rank tensor fields, like fap with no symmetry with respect to their indices. Replacing m by -m in (29) implies helicity change from +2 to -2. The first term in (27) is reminiscent of a spin-1 topological Chem-Simons term which will be called a Chem-Simons term of first order. The second term in (27) is the Fierz-Pauli (FP) mass term [17] which is the spin-2 analogue of a spin-1 Proca mass term. Note that FP term breaks the local invariance of the Chem-Simons term. The above first-order self-dual massive spin-2 field action can be easily found after writing topologically massive gravity in an intrinsically geometric form language and then linearizing it [18] .
Let us then consider the following doublet of first-order Lagrangian densities in the presence of source terms, m = f +Yif2 -ft*?"1)
where and gpp are distinct fields. Note that although the helicities are ±2, the mass term is identical for both Lagrangians (28) and (29). The case of different masses will be dealt with in the next section. Now the equations of motion are given by,
Following our previous approach, let us introduce new fields F and G as,
Now adding (30) and (31) and substituting old fields by new ones defined in (32) leads tô
Our motivation now is to express the above equation solely in terms of the G-field. To achive this we abstract certain results from (30). (iii) Operating (30) by dp on both sides gives
Taking the difference of (30) and (31) and exploiting (32) leads tô
Taking the trace yields the identity,
Using (38) in (37) we obtain
Now substituting Fap in (33) gives,
Combining (34) and (35) we obtain,
V«M («)
The corresponding equation for g follows by replacing m by -m,~ ~ e*°pJap.
Subtracting (42) from (41) yields
Therefore from (43) we can conclude,
Substituting ( 
Exploiting (45) we obtain the final effective equation of motion, \^/kSp[eap-dp(GaX + GA")]
Let us now discuss, in the absence of sources, the factorizability of the equations of motion. Some conditions on the tensor field are necessary to achieve this factorization. It is known [8] from a study of the equations of motion of (27) 125002-4 that the tensor field fpp satisfies (a) tracelessness /£ -0, 
In the absence of sources this is just a replica of (48). Thus, as happened for the vector model, either combination F or G yields an effective theory which has the EinsteinHilbert term and the FP term with differences cropping in the source terms.
The analogue of the map (26) is now written for the spin-2 example, £ 2sd(f. £)«=>-£ehfp(/ ± S)-
Here the doublet of self-dual models on the left-hand side is given by (28) and (29), while the composite EinsteinHilbert Pauli-Rerz model is defined in (50).
V. TENSOR FIELDS WITH DISTINCT MASS
In this section we repeat the analysis for the doublet (28) and (29) but with distinct mass parameters. To avoid technical complications we drop the source terms. We show that combining this doublet yields an effective theory that has an EH term, a FP mass term and a generalized firstorder CS term. This CS term contains, apart from the standard form given in (27) . two other similar terms with a different orientation of indices. Consider therefore the 
We have thus successfully combined different mass terms in the spin-2 case to yield the action (58) of the effective theory. While the first two terms are the usual FP and EH terms the last piece, which is a consequence of different masses, is a generalized form of the CS term. As announced earlier it has, apart from the usual structure, two other pieces that may be obtained from a reorientation of indices. In fact it has all possible orientations of indices leading to a first-order Chem-Sirnons term. Furthermore if we impose a condition of symmetricity GM" = G0/i, then all pieces become identical and the s tandard first order CS term with a coefficient | (m2 -m{) is obtained. The first term in (58) is the Rerz-Pauli (FP) mass term with mass coefficient m = ^]mlm2. The second term involves the usual kinetic term (defined in the previous section) which is equivalent to linearized Einstein-Hilbert (EH) term up to quadratic order. Thus the action (58) for the spin-2 particle may be interpreted as an analogue of Maxwell-CS-Proca model for the spin-1 particle. Incidentally the CS term for the vector case has a unique orientation of indices eM(,A/#*3|r/A and any changes are absorbed in a trivial normalization of signs.
VI. CONCLUSION
The present analysis depicts the important role of sym metry in understanding various models in odd dimensions. The dual nature of symmetry manifested in (left-right) chirality or (anti-)self duality was responsible for the prop erties of the final theory. For example, a two-dimensional oscillator could be interpreted as a composition of two chiral oscillators moving in opposite directions. Chirality therefore gets hidden in an ordinary two-dimensional os cillator since the opposing effects of chirality in its con stituent pieces are cancelled. Indeed the generalized Landau problem with electric and magnetic fields was shown to be composed of such chiral oscillators. The explicit demonstration was done at the level of equations of motion with an appropriate change of variables.
The quantum mechanical example served as the bedrock from where the more involved examples of field theory and gravity were studied. More specifically, the similarity in the structures of the quantum mechanical model and the other models in field theory/gravity naturally suggested this possibility of dual composition. Once this was evident the rest was more a matter of technique. Self-and anti-self dual models in (2 + 1) dimensions combined to yield the Maxwell-Chem-Simons-Proca model. In the case of grav ity we obtained a new form of generalized self-dual model. The correct sign of the Einstein-Hilbert term was obtained. Apart from this there were two mass terms. One was the usual Fierz-Pauli term while the other was a generalized form of the first-order Cbem-Simons term that encom passed all possible permutations of the indices. If we imposed the condition that the rank-two tensor field was symmetric then the self-dual model discussed in [7] was reproduced.
We have also discussed the factorizability of equations of motion of different models. Such a phenomenon illumi nates the dual composition of the models. Specially in the case of gravity, this factorization is possible subject to certain conditions following from the equation of motion.
In hindsight it might be desirable, though not essential, to visualize in general terms the obtention of a new theory from a combination of chiral ones. Chiral theories occur in doublets corresponding to the left and right degrees of freedom. The equations of motion following from this doublet are form invariant, differing only by a sign in the chiral piece. Adding and subtracting these equations natu rally leads to a combination which is either a sum or a difference of the original variables. Renaming this "sum" and "difference" as new fields yields a pair of coupled differential equations. It is then possible to eliminate one of these new fields in favor of the other using these differen tial equations. The final outcome is an equation of motion involving only the new fields. Furthermore, the symmet rical treatment implies that we obtain identical equations of motion for both the new fields. Consequently we are led to a unique new theory obtained by a composition of the chiral degrees of freedom.
We feel that our approach is simple and economical when compared with other approaches [7, 8, 13 ] which discuss such a dual structure in odd-dimensional theories. Contrasted with existing Lagrangian or Hamiltonian based approaches that require involved field redefinitions or canonical transformations, the formulation here is trans parent as well as generic. The simple change of variables (7) is universally applicable and irons out obstacles faced otherwise in treating field theoretical or gravity models. Also, contact or interference terms were completely avoided to manifest the dual structure. Inclusion of sources posed on problems. We feel that the present illustration could be useful in unravelling other features of gravita tional models.
